Abstract. -For every fibration f : X → B with X a compact Kähler manifold, B a smooth projective curve, and a general fiber of f an abelian variety, we prove that f has an algebraic approximation.
Our original motivation of this work comes from the long-standing Kodaira problem in dimension 3.
We will apply Corollary 1.4 while we prove the existence of algebraic approximations for compact Kähler threefolds in [12] . Roughly speaking, as a consequence of the Minimal Model Program for compact Kähler threefolds, a compact Kähler threefold X of Kodaira dimension 1 is bimeromorphic to a finite quotient of a fibration X ′ → B over a curve, whose general fiber F is either a K3 surface or a 2-torus. We may assume that X is non-algebraic and in this case, either X ′ → B is an isotrivial fibration or F is an abelian surface. In the case where F is an abelian surface, the existence of algebraic approximations of X will be covered by Corollary 1.4.
In order to explain the basic idea of the proof of Theorem 1.2 without dealing with technical difficulties,
following [5] we will first recall in Section 3 the construction of the tautological family Π associated to a smooth torus fibration f , together with a sketch of proof of the fact that Π is an algebraic approximation under the assumption that the base and the fibers of f are projective [5, Theorem 1.2] . We will then construct in Section 4 the tautological families associated to fibrations as in Theorem 1.2, and prove Theorem 1.2 and Corollary 1.3 in Section 5.
Preliminaries and general results

Basic notions and terminologies
In this text, a fibration is a proper holomorphic surjective map f : X → B whose general fiber is irreducible.
The fiber f −1 (b) of f over b ∈ B will often be denoted by X b . A local section of a fibration f at a point b ∈ B is a section of f −1 (U) → U for some (Euclidean) neighborhood U ⊂ B of b. A multi-section of f is a subvariety Σ ⊂ X such that f |Σ is surjective and generically finite.
A deformation of a complex variety X is a surjective and flat morphism Π : X → ∆ containing X as a fiber. Let f : X → B be a holomorphic map. A deformation of f is a family of maps f t : X t → B containing f as a member. Namely, it is a composition
Note that in the definition, the target of f t does not deform in the family.
Let G be a group and X a complex variety endowed with a G-action. We say that a deformation Π : X → ∆ of X preserves the G-action, or Π is a G-equivariant deformation of X, if there exists a G-action on X extending the given G-action on X such that Π in G-invariant. Similarly, let f : X → B be a G-equivariant map. We say that a deformation Π :
exists a G-action on X extending the G-action on f such that q is G-equivariant (the G-action on B × ∆ being the pullback of the given G-action on B) and Π : X → ∆ is G-invariant.
Definition 2.1 (Locally trivial deformations
ii) In i), let G be a group and f : X → B a G-equivariant map. We say that Π is G-equivariantly locally trivial (over B) if Π preserves the G-action and the isomorphisms q
An obvious property about locally trivial deformations is that the quotient of a G-equivariantly locally trivial deformation is still locally trivial.
is a G-equivariantly locally trivial deformation of a G-equivariant fibration f : X → B where G is a finite group, then for any normal subgroup G ′ ⊂ G, the quotient
Since q and f are G-equivariant, we have
Campana's criterion
Let X be a complex variety. We say that X is algebraically connected if a general pair of points x, y ∈ X is contained in a compact connected (but not necessarily irreducible) curve of X. We have the following criterion due to Campana for a variety to be Moishezon in terms of algebraic connectedness. Together with Moishezon's criterion, Theorem 2.3 implies that a compact complex manifold X is projective if and only if X is Kähler and algebraically connected.
Since we will mainly deal with fibrations f : X → B with dim B = 1, here is a variant of Campana's criterion in this particular situation.
Corollary 2.4 (Special case of Campana's criterion).
-Let f : X → B be a fibration from a compact Kähler manifold to a smooth projective curve. Assume that a general fiber of f is projective, then X is projective if and only if f has a multi-section.
Smooth torus fibrations and their tautological families (after [5])
The heuristic proving Theorem 1.2 is originated from the smooth case, which we review in this section following [5] . We will recall the construction of the tautological families associated to smooth torus fibrations and explain how (assuming the fibers and the bases of the fibrations are projective) these families are proven to be algebraic approximations.
Let f : X → B be a smooth torus fibration of relative dimension and J → B the Jacobian fibration associated to f . The sheaf J H/B of germs of holomorphic sections of J → B lies in the exact sequence
where
The fibration f is a J-torsor and to each isomorphism class of J-torsors, we can associate in a biunivocal 
of J-torsors such that t ∈ V parameterizes the J-torsor which corresponds to
The family Π is called the tautological family associated to f and parameterized by V.
Concretely, Π is constructed as follows. Let pr 1 : B × V → B be the first projection and let
be the element which corresponds to φ :
where pr * 1
:
the map induced by exp : E pr
H/B×V . Then the smooth torus fibration q : X → B× V defining Π is defined to be the (J × B)-torsor corresponding to θ. As θ can be represented by aČech 1-cocycle (θ i j ) with respect to an open cover of B × V of the form {U i × V} where {U i } is a good open cover of B, it follows that Π is locally trivial.
In the case where f : X → B is a G-equivariant smooth torus fibration for some finite group G, there is a natural G-action on (3.1). If G acts on V and the image of φ : 
. It follows that the composition
is surjective, so µ(H Q ) is dense in V. Since G is finite, we have
The Kähler assumption of X implies that the image of the G-equivariant class
to X (which is a refinement of η( f ), see [5, Section 2.4]) under the connecting morphism
induced by (3.1) is torsion [5, Proposition 2.11]. So there exist m ∈ Z >0 and t 0 ∈ V G such that mη( f ) = exp(t 0 ). 
so that∇ induces a map∇
for each p. We define H /F ).
What will be useful for our purpose is the following corollary. 
Proof. 
The canonical extension of J
The variations of Hodge structures that we will encounter in the proof of Theorem 1.2 will satisfy the assumption of Corollary 4.3. In order to simplify the notation, we set E := E H/B := H /F H , and similarlȳ 
and
In the bounded derived category of sheaves of abelian groups over X, we define the morphism
and define the relative Deligne complex to be
Applying R f * to D X/B (p) yields the long exact sequence
The canonical extension of J is defined to bē
Note that since the spectral sequence
degenerates at E 1 (see [9, p. 130 ]), we have R
(log D) ≃Ē . So for p = , breaking up the long exact sequence (4.2) at R
In order to compare the above construction ofJ with the one defined by (4.1), it suffices to prove the following isomorphism.
Lemma 4.4. -We have the isomorphism
Since a proof of Lemma 4.4 is hard to find in the literature, we provide one below.
if and only if its restriction to a general fiber X s of X ⋆ ∆ → ∆ ⋆ , which is an element in
is zero. On the other hand, sinceĒ is locally free [9, p. 130],
if and only if the restriction of ψ(∆)(α) to a general fiberĒ
the two restrictions coincide, we have (4.5).
We can also break up (4.2) at R 2 f * D X/B ( ), which yields the short exact sequence
is commutative, where the first row is the d 2 map in the second page of the Leray spectral sequence
and the morphisms in the second row are the connecting morphisms induced by (4.6) and (4.1) respectively.
Proof. -It suffices to apply Lemma 6.1 to the short exact sequence of bounded complexes representing the distinguished triangle
When is the relative dimension of the fibration f : X → B, we have the following result.
In particular, the morphism H 0 (B,
is the identity.
Proof. -By definition of H , (X/B), it suffices to show that the sheaf R
is locally free [9, p.130] . It follow from V /F V = 0 thatV /F V = 0. 
Bimeromorphic J-torsors and their tautological families
To construct the G-action on X and prove ii), let us first specify the 1-cocycle (λ i j ) representing λ. Let {U i } i∈I be a G-invariant good open cover of B such that U i j ⊂ B ⋆ for every i j and let G act on I such that
Since V is simply connected, the product {U i × V} is a good open cover of B × V. Let (η i j ) be a 1-cocycle represented η( f ) and letη i j ∈ J pr −1 1 H/B×V (U i j × V) be the pullback of η i j under U i j × V → U i j . Let (ξ i j ) be a G-invariant 1-cocycle representing ξ. Finally, let
where exp :
H/B×V is the exponential map. Then (λ i j ) is a 1-cocycle representing λ.
Fix biholomorphic maps
For every ∈ G, let ψ i : X i → X i be the restriction to X i of the action of on X. Define
Then we can glue the Ψ i together and obtain a biholomorphic map Ψ : X → X such that → Ψ is a f : X → B. Also, the pre-image of the multi-section 6 Appendix: A lemma about the Grothendieck spectral sequences
Let F : A → B be a left exact functor of small abelian categories. We assume that A has enough injectives. The following result is presumably well-known, yet a proof is difficult to find in the literature. be a short exact sequence of bounded complexes in A , which induces the long exact sequence 
